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Abstract
We construct a manifestly supersymmetric and kappa-symmetry invariant world-
volume action describing the coupling of a dynamical membrane to an N = 1, D = 4
SU(N) super-Yang-Mills multiplet. Worldvolume scalar fields in this action are a
Goldstone and a Goldstino associated with spontaneous breaking, by the membrane,
of half of N = 1, D = 4 supersymmetry. When the Goldstone fields are set to zero, the
model reduces to an N = 1, d = 3 SU(N) Chern-Simons theory induced by the SYM
coupling. We show that, when the membrane couples to the Veneziano-Yankielowicz
(VY) effective theory of the N = 1 SYM, it sources VY bulk field equations, separates
two distinct SYM vacua and provides the missing contribution to the tension of BPS
saturated domain-wall configurations, for which the membrane serves as a core. As
a result, we obtain explicit BPS domain-wall solutions in the Veneziano-Yankielowicz
theory. We also briefly discuss a supersymmetric system of an open membrane having
a string attached to its boundary and coupled to a massive extension of the Veneziano-
Yankielowicz model.
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1 Introduction
N = 1 super-Young-Mills (SYM) theories in four space-time dimensions, whose first
instances were constructed 45 years ago [1–3], still attract great deal of attention, both
as a base for phenomenological model building and as quantum field theories with a rich
vacuum structure. In particular, an N = 1 SYM theory with a gauge group SU(N)
has N degenerate supersymmetric vacua associated with different values of the gluino
condensate, as was first conjectured in [4].1 As such, there should exist domain wall
configurations of SYM fields which interpolate between spatial regions of the theory
with two different vacua and preserve one-half of N = 1, D = 4 supersymmetry (so
called 1/2 BPS domain walls) [5].2 The domain walls in pure SYM theories and in super
Quantum Chromodynamics (SQCD) (with F flavours of matter in the fundamental
representation of the gauge group) have been under an extensive study (see [8] for the
latest review and developments).
These studies have led to a rather comprehensive understanding of properties of do-
main walls from various perspectives, including construction of SQCD domain wall so-
lutions [9–11] in four-dimensional (Wess-Zumino-like) effective field theories (for review
and references see e.g. [12], [8]) and their dual description as three-dimensional gauge
theories on worldvolumes of D-branes originating from compactifications of M/String
Theory [13], [8]. However, still some strokes can be added to make this picture more
complete.
One of them is the explicit inclusion into 3d worldvolume theory of SYM and SQCD
domain walls of a Goldstone sector which makes them dynamical objects (membranes)
moving in the four-dimensional bulk. The Goldstone sector should consist of an N = 1,
d = 3 scalar supermultiplet. Its scalar component is the Goldstone of spontaneously
broken translations in the direction traverse to the domain wall and its Majorana
spinor component is the Goldstino associated with the broken half of N = 1, D = 4
supersymmetry. The spontaneously broken part of N = 1, D = 4 supersymmetry
transformations is non-linearly realized on the Goldstone supermultiplet.
Another open issue is the explicit construction of domain wall solutions in pure
(strongly coupled) SYM theory. Attempts to realize this construction within the
Veneziano-Yankielowiz (VY) effective field theory of N = 1 SYM [14] have been un-
dertaken in [15, 16]. The VY theory is a generalized Wess-Zumino model describing
gluino-balls, i.e. a chiral scalar supermultiplet formed by SU(N) singlets of bi-linears
of gluinos and their superpartners. It is not an effective theory in the Wilsonian sense,
since it does not describe all lightest SYM modes, which should also include e.g. other
1To be concrete, in this paper we will deal with the unitary gauge groups G = SU(N), though the
obtained results are valid for a generic simply connected G, in which case the number of SYM vacua is equal
to the dual Coxeter number h(G) of the gauge group G.
2Generic properties of BPS domain walls in N = 1, D = 4 supersymmetric theories (and of other extended
solitons in various dimensions) were considered earlier in [6, 7].
3
types of glueballs (see e.g. [15, 17–20] for the discussion of this issue). However, the
VY superpotential exactly captures the vacuum structure of N = 1 SYM theory and
one may also tempt to use it for studying BPS domain walls separating two SYM
vacua [15,16]. The potential obtained by integrating out the auxiliary fields in the VY
action (amended in [21]) has a “glued” structure with cusps separating each neighbour-
ing pair of the N SYM vacua. The domain wall tension (naively) estimated with the
use of the VY superpotential was shown [16] to be much smaller than the exact value
of the tension of the BPS saturated domain walls. Ref. [16] suggested that at the cusp
of the potential there should live an object (associated with integrated heavy modes of
the theory) whose contribution restores the BPS value of the domain wall tension. To
our knowledge, this object has not been identified yet.
In this paper we will show that the solution of the first problem, i.e. the construction
of a manifestly supersymmetric and kappa-symmetry invariant action for a dynamical
membrane of a charge k coupled to N = 1, D = 4 SYM, also solves the second problem.
Namely, when the membrane couples to the VY effective theory it sources VY field
equations, separates two distinct SYM vacua and provides the missing contribution to
the tension of the BPS saturated domain-wall configurations. As a result, we obtain
explicit BPS domain wall solutions in the VY theory.
We also show that the worldvolume theory of the static membrane, which is ob-
tained when the Goldstone field fluctuations are set to zero, is (in the conventions of [8])
an N = 1, d = 3 SU(N)−k Chern-Simons theory of level k, where 0 < k < N is the
membrane charge inducing the transition from the n-th to the (n+k)-th SYM vacuum
on different sides of the membrane.3 For k = 1, the obtained SU(N)−1 Chern-Simons
theory is level/rank dual [8,25–27] to Acharya-Vafa (AV) [13] U(1)N worldvolume the-
ory of the k = 1 domain wall. For k ≥ 1 the Acharya-Vafa theory is a three-dimensional
N = 1 U(k)N gauge theory with the CS term of level N and an adjoint scalar multi-
plet. Upon integrating out the heavy adjoint scalar multiplet, in the assumption that
its fermionic mass is negative, one gets the low-energy description of AV theory as
a U(k)N− k
2
,N gauge theory which further reduces (upon integrating out gluini) to a
topological U(k)N−k,N CS theory (see [26, 27], and also [8] for a review). In our case,
for k > 1 the level/rank duality [25] maps the SU(N)−k Chern-Simons theory to a
U(k)N,N one, which is different from the low-energy description of the AV theory.
4
This discrepancy may be due to the fact that in our construction we are dealing
with a single membrane of a charge k which does not accommodate all the (non-
Abelian) fields leaving on the k-wall. To incorporate the missing fields, one should
3A bosonic membrane coupled to gauge fields via the Chern-Simons term (which is closely related to
our supersymmetric construction) was considered in a widely unknown paper [22] as an effective description
of axionic defects. For even earlier generic constructions of couplings of p-branes to Young-Mills fields in
various dimension see [23,24].
4Formally, this SU(N)−k Chern-Simons theory seems to correspond to an infrared limit of a different
N = 1, d = 3 theory with a gauge group SU(N)−k and one adjoint scalar multiplet considered in [27].
4
regard the membrane of charge k as the center of mass of k coincident branes of
charge 1 and excite relative fluctuations of these membranes around the center of
mass, by analogy with the theory of a stack of k coincident D-branes. The complete
structure of such a non-Abelian Born-Infeld-like action which respects supersymmetry
and worldvolume symmetries is yet unknown and its construction is beyond the scope
of our paper. In this respect we would just like to stress that our model (though
not capturing all the details of the worldvolume theory) correctly reproduces the BPS
saturated tension of the SYM domain walls and the corresponding tensorial central
charge (including its phase) in the N = 1, D = 4 supersymmetry algebra. It also makes
possible to explicitly construct BPS domain wall configurations in the framework of the
Veneziano-Yankielowicz effective theory. In particular, for membranes with relatively
small charges |k| ≤ N3 we find regular half-BPS domain walls (with the complex scalar
gluino-ball field being continuous through the membrane), and a half-BPS domain wall
of zero entire tension interpolating between the same SYM vacuum for |k| = N .
In addition, we shall also consider a system of an open membrane with a string
attached to its boundary coupled to a massive three-form superfield extension [20, 28]
of the Veneziano-Yankielowicz theory, which may be applied to the study of domain-
wall junctions.
The paper is organized according to its Table of Contents. We use the notation
and conventions of [29] (i.e. mostly that of [30] and [31], see also Appendix A).
2 Overview of the N = 1, D = 4 SU(N) SYM
The N = 1 SYM multiplet consists of a gauge vector field Am(x) and its fermionic
superpartners which, in the two-component Weyl spinor notation, are λα(x) and its
complex conjugate λ¯α˙(x). The SYM multiplet also contains an auxiliary scalar field
D(x) to make the supersymmetry transformations acting on the fields form the closed
off-shell superalgebra. All the fields mentioned above take values in the adjoint repre-
sentation of SU(N) whose indices will be suppressed.
The SYM Lagrangian has the following well-known form
LSYM =− i
2g2
Trλσm∇mλ¯+ i
2g2
Tr∇mλσmλ¯− 1
4g2
TrFmnF
mn +
1
2g2
TrD2
+
ϑ
32pi2
Tr(εmnplF
mnF pl + 4∂m(λσ
mλ¯)) ,
(2.1)
where F2 = dA + iA ∧ A is the gauge field strength, ∇m = ∂m − iAm, g is the SYM
coupling constant and ϑ is the angle of the topological term.
In the superfield formalism, the SYM Lagrangian is constructed as an F-term, i.e.
as an integral over chiral Grassmann coordinates θα
LSYM = τ
8pi
∫
d2θTrWαWα + c.c. , (2.2)
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where τ = iϑ2pi +
2pi
g2
and Wα(xL, θ) is the chiral superfield accommodating the SYM
field-strength multiplet
Wα = −iλα + θαD − i
2
Fmnσ
mn
α
βθβ + θ
2σm
αβ˙
∇mλ¯β˙. (2.3)
The classical U(1) R-symmetry of the SYM action (under chiral rotations λ→ λeiϕ) is
broken by quantum anomaly down to a discrete subgroup Z2N . The instanton effects
create a gluino condensate [4] whose value was first computed in [32] (see also e.g. [33])
〈λλ〉 ≡ 〈Trλαλα〉 ∝ Λ3e 2piinN , n = 0, 1, . . . , N − 1, (2.4)
where Λ3 is a SYM dynamical scale.
The parameter n labels N degenerate supersymmetric vacua of the SYM theory
related by ZN symmetry. In other words the gluino condensate further breaks the Z2N
R-symmetry down to Z2 (λ→ −λ).
3 Veneziano-Yankielowicz Lagrangian for the N = 1
SYM revisited
The gluino condensate and the N vacua of SU(N) SYM are effectively described by
the Veneziano-Yankielowicz Lagrangian [14]. The chiral superfield S in this Lagrangian
accomodates a gaugino bi-linear (the gluino-ball) and its superpartners. It is a compos-
ite chiral scalar superfield made of the trace of the bi-linear of the SYM field-strength
(2.3)
S = TrWαWα = s+
√
2θαχα + θ
2F, (3.1)
where
s = −Trλαλα , (3.2)
χα =
√
2 Tr
(
1
2
Fmnσ
mn
α
βλβ − iλαD
)
, (3.3)
and
F = Tr
(
−2iλσm∇mλ¯− 1
2
FmnF
mn +D2 − i
4
εmnplF
mnF pl
)
. (3.4)
Note that in the VY theory s, χ and F are regarded as elementary colorless fields.
One can notice [28, 34] that the superfield S is a special one of the type first in-
troduced in [35]. It contains, in its F -component, the field strength of a (composite)
three-form, the latter being the SU(N) Chern-Simons term5
F4 = d
4x ImF = −TrF2 ∧ F2 − d4x ∂m(Trλσmλ¯) (3.5)
= −d Tr
(
AdA+
2i
3
A3 +
1
3!
dxkdxndxmmnkl Trλσ
lλ¯
)
≡ dC3.
5Our complex conjugation rules for the fermions are (λ1λ2)
∗ = λ¯2λ¯1, so e.g. λσlλ¯ in (3.5) is real.
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Therefore, the complex field F in (3.1) has the following form
F = Dˆ + i∂mC
m, (3.6)
where Dˆ is a scalar field and Cm is the Hodge dual of the three-form C3 (see (A.6) for
the definition).
Chiral superfields containing field strengths of 3-form fields among their components
were introduced in [35]. In the case of the single three-form superfield like S, the
chirality constraint D¯α˙S = 0 has the following general solution
S = −1
4
D¯α˙D¯
α˙U, (3.7)
where U is a real superfield prepotential, and D¯α˙ and Dα are super-covariant spinor
derivatives.6 The requirement that U should be real rather than complex (which would
be the case of a generic chiral field) is connected with the fact that the real U contains
the real one-form C1 dual to C3 among its independent bosonic components
U | = u,
−1
8
σ¯α˙αm [Dα, D¯α˙]U | = Cm,
1
4
D2U | = −s¯ = Tr λ¯λ¯,
1
16
D2D¯2U | = Dˆ + i∂mCm ≡ F .
(3.8)
We also note that (3.7) is invariant under the gauge transformation
U ′ = U + L , (3.9)
where L is a real linear superfield
D¯2L = 0 = D2L . (3.10)
Therefore the leading bosonic component of U is a pure gauge.
Below we will show that (in view of (3.7)) the treatment of the superfield U rather
than S as the independent superfield in the Veneziano-Yankielowicz Lagrangian re-
quires the modification of the latter by a certain surface term, whose form is fixed by
a consistency of the variation principle with respect to U (see [36–38] for details and
references).
The original Veneziano-Yankielowicz Lagrangian is
LVY = 1
ρ
∫
d2θd2θ¯(SS¯)
1
3 +
∫
d2θW (S) + c.c. , (3.11)
6One should not confuse U with the real SYM prepotential V appearing in the definition of the field
strength Wα = − 18D¯2(e−2VDαe2V ).
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in which the VY superpotential is uniquely fixed by anomalous superconformal Ward
identities of the SYM theory and has the following form
W (S) =
N
16pi2
S
(
ln
S
Λ3
− 1
)
, WS := ∂SW (S) =
N
16pi2
ln
S
Λ3
. (3.12)
The first term in (3.11) is the Ka¨hler potential
K(S, S¯) =
1
ρ
(SS¯)
1
3 (3.13)
whose simplest form is chosen due to the mass dimension 3 of the superfield S and ρ
is a dimensionless (a priori arbitrary) positive constant. In general, the kinetic part
of the Lagrangian is not fixed by anomalous symmetries and can also include higher
order terms [17].
One can assume (as in [16]) that ρ should scale with N as ∼ 1N , then the Ka¨hler po-
tential term and superpotential would have the same N -dependence in the Lagrangian.
However, we prefer to consider a generic ρ since, as we shall see later, its eventual de-
pendence on N affects the characteristic width of the domain walls.
The treatment of the VY Lagrangian as a conventional Wess-Zumino model has
encountered a couple of issues [21]. One of them is that TrF2 ∧ F2 is the instanton
density and the elimination of this component of the auxiliary field FS from the action
requires caution. A recipe of how one can take care of this subtlety by modifying the VY
superpotential was proposed in [21]. The fact that the term in question is actually the
field strength of the (Chern-Simons) three-form, i.e. that the superfield S is special
(see eqs. (3.5) and (3.7)) was used in [20, 28] to generalize the VY Lagrangian by
terms which make the auxiliary components of U dynamical fields describing additional
massive glueball states. This construction was further refined in [39] (see also references
therein).
In this paper we would like to elaborate on the role of the special nature of the
superfield S within the original VY Lagrangian. We will see that by treating U as
the independent superfield and modifying the Lagrangian (3.11) with an appropriate
boundary term allows one to consistently eliminate the auxiliary fields by solving their
equations of motion and to get additional contributions to the effective scalar potential
of (quantized) numerical integration parameters similar to those introduced in [21].
This also solves the second issue with the VY Lagrangian whose superpotential is not
single-valued: because of the presence of the logarithmic term, it gets shifted by the
(identical) phase transformation
S(x, θ)→ S′(x, θepii) = e2piiS(x, θ) , W (S)→W (S)+iN
8pi
S . (3.14)
The addition of the boundary term compensates the shift in the superpotential and
makes the whole Lagrangian single-valued.
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The total space-time derivative term in question has the following form
Lbd = −1
8
(∫
d2θD¯2 −
∫
d2θ¯D2
)[(
1
12ρ
D¯2
S¯
1
3
S
2
3
+
1
16pi2
ln
Λ3N
SN
)
U
]
+ c.c.(3.15)
For a general class of models involving three-form chiral supermultiplets the boundary
terms of this kind were derived in [37]. Their form is singled out by the requirement
that the variation of U (and hence δCm) is not restricted on the boundary, while
δS|bd = 0 and δF4|bd = 0. This requirement insures the consistency of the variational
principle when dealing with the three-form gauge fields in 4D field theories (see [36,37]
for a review of this issue and references).
It is not hard to see that the Lagrangian
L = LVY + Lbd (3.16)
is invariant under the phase transformation (3.14). Actually, it is invariant under a
generic U(1) R-symmetry rotation. In order to break this symmetry down to Z2N ,
as it happens in the SYM due to the chiral anomaly, we will require that the term
X(S, S¯) ≡ 112ρD¯2 S¯
1
3
S
2
3
+ 1
16pi2
ln Λ
3N
SN
in the Lagrangian (3.15) satisfies the following bound-
ary conditions X(S, S¯)|bd = − in8pi , where n = 0, 1 . . . , (N−1) (modN) characterizes the
asymptotic vacua of the theory. Note that with this choice of the boundary conditions
the Lagrangian (3.16) is gauge invariant under (3.9).
Let us now proceed and eliminate the auxiliary field Dˆ and the field strength F4
of C3 by solving their equations of motion. To this end let us set the fermions to zero
and consider the bosonic part of the Lagrangian (3.16)
LbosVY = Kss¯
(
−∂ms∂ms¯+ (∂mCm)2 + Dˆ2
)
+
(
Ws
(
Dˆ + i∂mC
m
)
+ c.c.
)
+ Lbosbd ,
(3.17)
with the boundary term
Lbosbd = −2∂m (CmKss¯∂nCn)− i∂m
(
Cm(Ws − W¯s¯)
)
, (3.18)
where S| = −Trλλ ≡ s(x), K(s, s¯) and W (s) are the VY Ka¨hler potential and su-
perpotential (at θ = θ¯ = 0), and we have defined Ks ≡ ∂K∂s , Kss¯ ≡ ∂
2K
∂s∂s¯ , Ws ≡ ∂W∂s
etc.
Varying the Lagrangian (3.17) with respect to Dˆ and Cm we get the following
equations of motion
Kss¯Dˆ + ReWs = 0 , (3.19)
∂m(Kss¯∂nC
n − ImWs) = 0 . (3.20)
From the first of these equations we get the on-shell value of the auxiliary field Dˆ
Dˆ = −ReWs
Kss¯
=
9ρN
16pi2
(ss¯)
2
3 ln
Λ3
|s| (3.21)
9
and solving the second we get
∂mC
m =
ImWs − n8pi
Kss¯
= − 9ρN
16pi2
(ss¯)
2
3
(
2pi
n
N
− arg s
)
, (3.22)
where n is the integration constant parameter compatible with the chosen boundary
conditions.
Substituting these expressions back into the Lagrangian (3.17) we get the effective
potential for the scalar field
V (s, s¯) =
1
Kss¯
[
(ReWs)
2 +
(
ImWs − n
8pi
)2]
=
9ρN
16pi2
(ss¯)
2
3
[
ln2
|s|
Λ3
+
(
2pi
n
N
− arg s
)2]
. (3.23)
When n = 0 the form of this potential coincides with that of the Veneziano and
Yankielowicz, while for n = 1, 2, . . . it coincides with that of [15,16].
The potential is invariant under the simultaneous shifts of the ZN R-symmetry
n→ n+ k, arg s→ arg s+ 2pi k
N
. (3.24)
As was argued in [15], the parameter n should be considered as a discrete variable with
respect to which one should take the sum in the functional integral determining the
effective action. This makes the potential a continuous function of the phase of s but
having cusps at the points in which n changes its values (see [15,16] for more details).
The potential vanishes when the vevs of s take the values of the gaugino condensate
〈s〉 = −〈λλ〉 (see eq. (2.4)).
4 Supermembranes in N = 1 SYM theory
Now, using the results of [29, 40], we will couple a supermembrane to the N = 1
SYM (and its Venezian-Yankielowicz effective action) and study BPS domain wall
configurations which it sources in this theory. To our knowledge, the kappa-symmetric
action for such a supermembrane has not been considered in the literature yet.7 The
addition of the dynamical membrane action to the VY action solves a long-standing
issue [16] of the discrepancy between the tension of the would-be BPS domain walls
calculated in the VY effective theory and the actual tension of the BPS saturated
domain walls T = 2|W+∞−W−∞|, where W±∞ are the values of the superpotential at
the two vacua 〈S〉±∞ between which the domain wall is interpolating.
If in a theory we have only a single special chiral three-form superfield like (3.7),
then the most general action describing its coupling to a membrane in flat N = 1,
7In D = 4, the supermembranes have been mainly considered with regard to their couplings to N = 1,
D = 4 supergravity and chiral matter supermultiplets [29,40–47] which have not included the SYM multiplet.
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D = 4 superspace, parametrized by the supercoordinates zM = (xm, θα, θ¯α˙), has the
following form
Smembrane = − 1
4pi
∫
M3
d3ξ
√−dethij |kS + c| − k
4pi
∫
M3
C3 −
(
c¯
4pi
∫
M3
C03 + c.c.
)
,
(4.1)
where c = k1 + ik2, and k, k1 and k2 are real constant charges characterizing the
membrane coupling to a real three-form gauge superfield C3 and a complex super three-
form C03 to be defined below. The normalization factor 14pi has been chosen to have the
canonical form of the Chern-Simons term in the static membrane action which forces
the charge k be quantized (see Section 4.2).
In the Nambu-Goto part of action (4.1) the bulk superfield S(x, θ, θ¯) is evaluated
on the membrane worldvolume zM = zM (ξ) parametrized by ξi (i = 0, 1, 2),
hij(ξ) ≡ ηabEai (ξ)Ebj (ξ), with Eai (ξ) ≡ ∂izM (ξ)EaM (z(ξ)), (4.2)
is the induced metric on the membrane worldvolume and
Ea(ξ) ≡ dzM (ξ)EaM (z(ξ)) = dxa(ξ) + iθσadθ¯(ξ)− idθσaθ¯(ξ) (4.3)
is the worldvolume pull-back of the flat superspace vector supervielbein.
The super three-form C3 is constructed in terms of the real prepotential U (see eqs.
(3.7) and (3.8)) as follows [34,35]
C3 = iEa ∧ dθα ∧ dθ¯α˙σaαα˙U
− 1
4
Eb ∧ Ea ∧ dθασab αβDβU − 1
4
Eb ∧ Ea ∧ dθ¯α˙σ¯abβ˙ α˙D¯β˙U
− 1
48
Ec ∧ Eb ∧ Eaabcd σ¯dα˙α[Dα, D¯α˙]U .
(4.4)
Note that the last, purely tensorial, term in (4.4) coincides, at θ = θ¯ = 0, with the
three-form component of U in (3.8).
The associated supersymmetric four-form field strength is
H4 = d C3 = 1
8
Eb ∧ Ea ∧ (dθα ∧ dθβσab αβD2U + dθ¯α˙ ∧ dθ¯β˙σ¯abα˙β˙D¯2U)
+
1
48
Ec ∧ Eb ∧ Ea ∧ (dθαabcdσdαα˙D¯α˙D2U − dθ¯α˙abcdσ¯dα˙αDαD¯2U)
+
i
8× 96E
d ∧ Ec ∧ Eb ∧ Eaabcd[D2, D¯2]U .
(4.5)
The complex three-form C03 has the following form8
C03 = iEa ∧ dθα ∧ dθ¯α˙σaαα˙ θ2 −
1
2
Eb ∧ Ea ∧ dθασab αβθβ, (4.6)
8 Note that, by analogy with (4.4) one can regard C03 as the three-form associated to a complex prepotential
Σ0 = θ2 satisfying the complex linear constraint D¯2Σ0 = 0. Then, by analogy with (3.7), this prepotential
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and its supersymmetry invariant field strength is
H04 = −
1
2
Eb ∧ Ea ∧ dθασab αβdθβ. (4.7)
4.1 Local worldvolume symmetries of the membrane ac-
tion
By construction, the action (4.1) is invariant under the worldvolume diffeomorphisms
ξi → f i(ξ) and under the κ-symmetry transformations
δθα = κα(ξ), δθ¯α˙ = κ¯α˙(ξ), δxm = iκσmθ¯ − iθσmκ¯, (4.8)
such that
δκz
MEaM = 0 .
The local fermionic parameter κα(ξ) and its complex conjugate κ¯α˙(ξ) satisfy the
following projection condition
κα = −i kS + c|kS + c|Γαα˙κ¯
α˙ ⇔ κ¯α˙ = −i kS¯ + c¯|kS + c|Γαα˙κ
α, (4.9)
where
Γαα˙ ≡ i
ijk
3!
√−dethabcdE
b
iE
c
jE
d
k σ
a
αα˙, Γαα˙Γ
α˙β = δβα. (4.10)
As is well known, the κ-symmetry corresponds to half of the bulk supersymmetry
preserved by a BPS state, the ground state of the extended object [48–50], while an-
other half of supersymmetry is spontaneously broken. Namely, due to the worldvolume
reparametrization invariance and local kappa-symmetry, the propagating fields on the
membrane worldvolume are a scalar ϕ(ξ) associated with membrane fluctuations in the
transverse direction of four-dimensional space-time (e.g. ϕ = x3(ξ)) and two of four
fermionic fields θ(ξ) and θ¯(ξ). These fields form an N = 1, d = 3 Goldstone supermul-
tiplet associated with a half of N = 1, D = 4 supersymmetry spontaneously broken by
the presence of the membrane. The broken supersymmetry is non-linearly realized on
the Goldstone supermultiplet, and the membrane action describes its coupling to the
special chiral superfield S.
If we set k = 0, the above action reduces to that describing a membrane moving in
empty flat N = 1, D = 4 superspace [7, 51,52]. The action takes the form
Sfree = −T0
∫
M3
d3ξ
√−deth− 1
4pi
(
c¯
∫
M3
C03 + c.c
)
, (4.11)
gives rise to a trivial “special chiral superfield” Z = − 14D¯2Σ¯ = 1. The latter constraint can be interpreted as
the gauge fixing condition imposed on a complex three-form conformal compensator superfield Z which fixes
the super-Weyl invariance in the N = 1 supergravity coupled to the membrane. From this perspective the
three-form (4.6) is the flat superspace remnant of a complex gauge-three-superform whose dual field strength
is traded for the complex auxiliary scalar field of old minimal supergravity [45], [29].
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where T0 =
|c|
4pi is the free membrane tension, while
c
4pi = |T0|ei arg c is associated with
the membrane tensorial ‘central’ charge in the N = 1, D = 4 superalgebra generated
by conserved supercharges which can be derived from this action, as in [7, 53,54].
Applying the technique of [53] to the supermembrane coupled to the superfield S
(4.1), one gets an additional contribution of S to the membrane ‘central’ charge in the
anti-commutator of the supercharges Qα. This can be easily calculated when fermionic
Goldstone fields are set to zero with the following result
{Qα, Qβ} =
∫
dxm ∧ dxn σmnαβ c¯+ ks¯
4pi
. (4.12)
Therefore the membrane ground state preserving half of the bulk supersymmetry sat-
urates the BPS bound with this central charge, as we will see below.
4.2 Membrane coupled to SYM
Let us now consider the membrane action (4.1), where S is the composite chiral super-
field of the SYM multiplet (3.1). Now the effective membrane tension is9
TM =
1
4pi
|kS + c| . (4.13)
It is tempting to assume that the membrane action (4.1) is associated with an effective
field theory on the worldvolume of a BPS domain wall, including the explicit coupling
to the SYM multiplet of its Goldstone sector associated with spontaneously broken 1/2
supersymmetry.
As a support to this assumption, let us show that, for a static membrane (i.e.
setting to zero the worldvolume Goldstone fields), the action reduces to that of an
N = 1, d = 3 SU(N) Chern-Simons theory
Sstatic = − ik
4pi
∫
C
d3ξTrψαψα +
k
4pi
∫
C
[
Tr
(
AdA+
2i
3
A3
)]
− T0
∫
C
d3ξ , (4.14)
where the 3d Majorana spinor ψα and the worldvolume Chern-Simons field Ai(ξ) form
an N = 1, d = 3 supermultiplet. The action (4.14), with T0 = 0 and k = 1, was
obtained in [8] by inserting an interface operator into the SYM action.10
In order to arrive at (4.14) starting from (4.1), let us regard the fields λ, Am and
D inside S as dynamical and set the worldvolume Goldstone fields to zero. In other
9Note that since in the SYM case S = WαWα is a nilpotent superfield, the presence of the non-zero
constant c in the membrane tension is essential. If c were zero, the modulus |S| of the nilpotent quantity
would not be well defined. We thank Sergei Kuzenko for having emphasized this issue.
10Because of different conventions for differential forms in our paper and in [8], the sign of our Chern-
Simons term is opposite to that of [8].
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words, we consider the membrane to be static, located at x3 = 0 and set xi = ξi,
θ = θ¯ = 0. 11 Then the action (4.1) reduces to
Sstatic = − 1
4pi
∫
C
d3ξ
(|kTrλλ− c| −kTrλσ3λ¯)+ k
4pi
∫
C
[
Tr
(
AdA+
2i
3
A3
)]
, (4.15)
Now we may consider the equations of motion of θ(ξ) and θ¯(ξ) [40], in which we should
set all the worldvolume fields to zero. These impose the kappa-symmetry projection
condition on the fermion χ (3.3) with the same sign as that in (4.9)
χα = −i ks+ c|ks+ c|Γαα˙χ¯
α˙ = − kTrλλ− c|kTrλλ− c|σ
3
αβ˙
χ¯β˙. (4.16)
From the very definition of χ in (3.3), the previous condition translates into the fol-
lowing general constraint on λ
1
2
Tr
[
Fijσ
ij
α
β
(
λβ +
kTrλλ− c
|kTrλλ− c|σ
3
αβ˙
λ¯β˙
)]
= Tr
[(
iDδα
β − Fi3σi3α β
)(
λβ − kTrλλ− c|kTrλλ− c|σ
3
αβ˙
λ¯β˙
)]
.
(4.17)
If we consider a particular solution of (4.17) such that λ is subject to the same projec-
tion condition as χ, namely12
λα = − kTrλλ− c|kTrλλ− c|σ
3
αβ˙
λ¯β˙, (4.18)
then (4.17) implies that on the membrane worldvolume
F3i|C3 = 0 = D|C3 . (4.19)
If λ satisfies (4.18), then we have
Trλλ = Trλσ3λ¯ eiα, (4.20)
where α = arg(−kTrλλ+ c). From (4.18), upon some algebra, we also have
|kTrλλ− c| = ±|c| − kTrλσ3λ¯ . (4.21)
Note that only the upper sign solution is consistent with the limit in which λ → 0.
Hence, we pick this one.
11If, instead, we put to zero only the background fermions λ and the worldvolume goldstini θ and θ¯, the
supermembrane action (4.1) reduces to the “axionic” membrane action of [22].
12Another possible solution is to assume that λ is restricted by the condition with the opposite sign with
respect to (4.18). For this solution, from the definition of χ it will follow that on the static membrane
Fij = 0. Then the Chern-Simons term trivializes and one finds that the static membrane action reduces to
∼ const ∫M3 d3ξ.
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Substituting (4.20) into (4.21) we find that for the plus-sign solution the arguments
of α and c are related as follows
arg c = α+ 2pin . (4.22)
This implies that α should be constant on the static membrane.
Due to the projection relation (4.16) the independent components of λα are
λ1 =
1
2
(ψ1 + iψ2), λ2 = e
iαλ¯1 =
eiα
2
(ψ1 − iψ2), (4.23)
where ψα = (ψ1, ψ2) is a real SL(2,R) spinor. Hence, we finally have
|kTrλλ− c| = |c| − kTrλσ3λ¯ = |c|+ ik
2
Trψαψα . (4.24)
On the other hand, at x3 = θ = θ¯ = 0 the membrane bosonic equations of motion
reduce to
∂x3(|kTrλλ− c| − kTrλσ3λ¯) = kεijk3 TrFijFk3 + k∂i(Trλσiλ¯). (4.25)
The conditions (4.19) and (4.23) imply that the right hand side of the above equation
is zero, and taking into account (4.21) we get
∂x3(Trλσ
3λ¯)|C3 = 0, (4.26)
that is, on the membrane worldvolume the derivative of Trλσ3λ¯ along the direction
transverse to the static membrane should vanish. Note that (4.19) and (4.26) imply
that the fields Ai and λ get localized on the membrane.
Finally, substituting the relation (4.24) into the static membrane action (4.15),
we get the N = 1, d = 3 SU(N) Chern-Simons action (4.14) of level −k. The term
containing the constant tension T0 completely decouples and can be removed by sending
T0 → 0. As we have already mentioned in the Introduction, for k = 1 the obtained
action is level/rank dual [8] to the Acharya-Vafa [13] worldvolume theory of the k = 1
domain wall, but differs from the latter for k > 1. Our action does not take into
account additional worldvolume fields associated with relative fluctuations of a stack of
k coincident D-branes in the stringy construction of Acharya and Vafa. Nevertheless,
the account of the effects of the membrane of charge k (or of a stack of k parallel
membranes of charge 1) allows one to consistently derive the BPS domain wall tension
and explicitly construct k-walls in the Veneziano-Yankielowicz effective theory, as we
shall discuss in the next Section.
5 SYM BPS domain walls sourced by membranes
We shall now apply the analysis of [29] to elucidate properties of BPS domain walls
in the Veneziano-Yankielowicz effective theory coupled to the membranes described by
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the action (4.11). In [29] we dealt with N = 1, D = 4 supergravity theories whose
superpotentials experienced a jump at the position of the membrane separating two
vacua. We will show that, similarly, the inclusion of the membrane in the VY theory
is necessary to induce and take care of the discontinuity of the VY superpotential and
the corresponding cusp of the VY potential reviewed in Section 3. At the same time
the contribution of the membrane tension to the overall energy density of the domain
wall configuration makes it saturate the BPS bound, the missing ingredient which was
sought in [16].
Since we are interested in 1/2 supersymmetric BPS domain walls interpolating
between two supersymmetric vacua of the VY effective theory, we shall set the fermionic
field χα of the special chiral supermultiplet S (3.1) to zero and require that there is
a residual 1/2 of N = 1 supersymmetry under which the variation of χ vanishes.13
We will also assume that the membrane which sources the VY domain walls is static.
Namely, it stretches along the space-time directions x0, x1 and x2 and sits at the origin
x3 = 0 of the space-time coordinate orthogonal to the membrane. The action describing
the coupling of the scalar sector of the VY effective theory to the static membrane has
the following form
S =
∫
d4xLbosVY −
1
4pi
∫
d3ξ
(|ks+ c|+kC3) , (5.1)
where LbosVY has bee defined in (3.17) and (3.18).14
Varying this action with respect to s we find the equation of motion of the scalar
field sourced by the membrane
2sKss¯ + ∂ms∂
msKsss¯ + FF¯Kss¯s¯ + F¯ W¯s¯s¯ =
k
8pi
δ(x3)
ks+ c
|ks+ c| , (5.2)
where F = Dˆ + i∂mC
m.
The equation of motion of the auxiliary field Dˆ is the same as (3.19), while the
three-form equation (3.20) acquires the membrane source term
∂m(Kss¯∂nC
n − ImWs) = − k
8pi
δ3mδ(x
3). (5.3)
The solution of (3.19) and (5.3) expresses the auxiliary field F as a function of the
scalar field s, the membrane charge k and the integration parameter n
F = Dˆ + i∂mC
m = −16pi
2W¯s¯ + i(2pin+ 2pikΘ(x
3))
16pi2Kss¯
, (5.4)
13Note that since we are now dealing with the VY effective field theory and not directly with the SYM,
the components of the special (three-form) chiral superfield S (3.1) are regarded as independent space-time
fields. In particular, S is not nilpotent anymore.
14Though our main interest is the domain walls sourced by the membranes in the VY effective theory,
the consideration of this Section is applicable to Wess-Zumino-type σ-models for a single three-form chiral
superfield with a generic Ka¨hler potential and superpotential. It can also be extended to several three-form
chiral superfields as in [29].
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where Θ(x3) is the step function. The right hand side of the above equation prompts
us to introduce the discontinuous superpotential
Wˆ (s) ≡W (s)− i
8pi
(n+ kΘ(x3)) s . (5.5)
It “jumps” at the position of the membrane and thus its local minima describe two
SYM vacua, one on the left of the membrane labeled by n and another one on the right
labelled by n+ k.
In addition to the above bulk field equations, we should also take into account the
equation of motion of the membrane field x3(ξ), which for ∂ix
3 = 0 reduces to
(∂3|ks+ c|+ k∂mCm)|x3=0 = 0. (5.6)
We are interested in 1/2 supersymmetric BPS domain wall configurations interpo-
lating between two vacua at x3 → −∞ and x3 → +∞ separated by the membrane,
i.e.
〈s〉−∞ = Λ3e
2piin
N and 〈s〉+∞ = Λ3e
2pii(n+k)
N .
According to general properties of such domain walls (see e.g. [5,7,12]), the domain wall
profile is determined by the x3-dependence of the scalar field s(x3) which is constant in
the other space-time directions. Under these assumptions the supersymmetry variation
of the fermionic field χ takes the form
δχα =
√
2iσ3αα˙¯
α˙s˙+
√
2α F , (5.7)
where α is the supersymmetry parameter and s˙ ≡ ∂s
∂x3
. The variation should be zero
under 1/2 supersymmetry preserved by the membrane supporting the domain wall
solution in question.
In Section 4.2 we have shown that, when a static membrane is coupled to the VY
Lagrangian, half of the N = 1 supersymettry is preserved provided that the fermionic
field χα satisfies the condition (4.16), determined by the conditions on the kappa-
symmetry parameters (4.9) for the static membrane configuration. The corresponding
supersymmetry parameter is subjected to the same condition
α = e
iασ3αα˙¯
α˙, (5.8)
where α is constant in the bulk and coincides with the argument of (ks+ c)|x3=0 on
the membrane surface
eiα :=
ks+ c
|ks+ c|
∣∣∣
x3=0
. (5.9)
Then, the requirement that the variation (5.7) vanishes on the domain wall solution
implies that
s˙ = ieiαF = −ieiα Wˆ s¯
Kss¯
, (5.10)
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in which we substituted the on-shell value (5.4) of F .
It can be easily checked that the relation (5.10) solves the field equation (5.2). It
determines how the profile of the scalar field varies along the transverse direction for
the given superpotential and Ka¨hler potential.
A particular choice which makes the equations (5.6) and (5.10) mutually consistent
is that on the membrane ks(0) + c, ks(0) and c have the same phase α (modulo 2pi).
This is what we got by analyzing the fermionic field equations on the static membrane
in Section 4.2 (see (4.22)).15 If we make this choice, from (5.10) it follows that
d
dx3
Re(Wˆe−iα) = 0 , (5.11)
that is
Re(Wˆe−iα) = const (5.12)
at each point along x3 including the position of the membrane (x3 = 0).
We are now ready to compute the energy density (namely, the tension) of the
domain wall configuration sourced by the membrane. It is determined by the on-shell
value of the action (5.1)
Son-shell ≡ −
∫
d3ξ TDW , d
3ξ := dx0 ∧ dx1 ∧ dx2 . (5.13)
Substituting into (5.1) the solution (5.4) of the auxiliary field equations, assuming that
s only depends on x3 and taking into account the form of the boundary term (3.18)
we get
S =
∫
d3ξ dx3
(
−Kss¯s˙ ˙¯s− 1
Kss¯
Wˆs
¯ˆ
Ws¯
)
−
∫
d3ξ dx3 δ(x3)TM , (5.14)
where
TM =
|ks+ c|
4pi
(5.15)
is the membrane tension. The action (5.14) can be more elegantly written in the
BPS -form
S =
∫
d3ξ dx3
[
−Kss¯
(
s˙± ieiβ ¯ˆWs¯/Kss¯
)(
˙¯s∓ ie−iβWˆs/Kss¯
)
∓ i
(
s˙ Wˆse
−iβ − ˙¯s ¯ˆWs¯eiβ
)]
−
∫
d3ξ dx3 δ(x3)TM
(5.16)
15In general, the consistency of the equations (5.6) and (5.10) allows for different, but still related, values
of the phases of ks(0) + c, ks(0) and c. For simplicity we will not consider this more general situation, since
in the end we will set c = 0 anyway. The cases with c 6= 0 should be important for studying domain walls
sourced by membranes in N = 1 SYM theories coupled to supergravity along the lines of [29], but this is
beyond the scope of this paper.
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where β is an arbitrary phase.
If we take β = α, then the first term of (5.16) vanishes due to (5.10) for the upper
sign, and we get the following on-shell value of the action
S =
∫
d3ξ dx3 2Im
(
s˙ Wˆse
−iα
)
−
∫
d3ξ dx3 δ(z)TM . (5.17)
Now the integration along the transverse direction may be easily performed by noticing
that, due to the form (5.5) of Wˆ ,
s˙ Wˆs =
d
dx3
Wˆ +
ik
8pi
s δ(x3) (5.18)
and we arrive at
S = −
∫
d3ξ
(
TM − 1
4pi
Re(ks(0)e−iα)
)
−
∫
d3ξ 2 Im[(Wˆ+∞ − Wˆ−∞)e−i(α−pi)] .
(5.19)
In view of (5.12) and requiring the non-positive definiteness of the second term of
(5.19), we find that the phase of Wˆ+∞ − Wˆ−∞ coincides with α − pi2 ( mod 2pi), and
(remembering that on the membrane arg(ks(0)) = arg c = α) we see that the energy
per unit area of this system is
T = 2 |Wˆ+∞ − Wˆ−∞|+ |c|
4pi
. (5.20)
The first term of this expression
TDW = 2 |Wˆ+∞ − Wˆ−∞| (5.21)
is the tension of the domain walls saturating the BPS bound (see, for example, [5,7,12]).
The second term is the contribution of the free membrane of tension T0 =
|c|
4pi . For
T0 = 0, the contribution of the membrane tension TM completely cancels the ‘jump’
|ks(0)|/4pi of the superpotential along x3 in (5.19), and (5.20) reduces to (5.21). We
will then set c = 0 by now. As we have already mentioned, the membranes with non-
zero c should play a role in studying supergravity domain walls (see [29] for a review
and references).
On the other hand, if the membrane were not present, i.e. TM = 0, and the
superpotential is discontinuous at x3 = 0 then from (5.19) we would get the tension
T = TDW − |ks(0)|
4pi
(5.22)
whose value is less than that of the BPS bound and can even be not positive definite.
This discrepancy was found in [16] for the Veneziano-Yankielowicz superpotential (3.12)
interpolating between two vacua (as in (5.5)). In [16] it was suggested that at the
cusp of the VY potential there should leave an object, associated with integrated
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heavy modes of the theory whose tension compensates the above negative contribution
and restores the BPS value of the domain wall tension. As we have just shown, this
object is the dynamical membrane, described by the action (4.1), which sources the
domain wall solutions. We have thus shown that the tension of the BPS domain-
wall+membrane configurations interpolating between two supersymmetric vacua (2.4)
in the VY effective theory coincides with the value of the tension of the BPS domain
walls in N = 1 SYM [5], i.e.
T
SYM
DW =
NΛ3
8pi2
∣∣∣e2piin+kN − e2pii nN ∣∣∣ = NΛ3
4pi2
∣∣∣∣sin pikN
∣∣∣∣ . (5.23)
Let us also remind that that the membrane’s own tension is
TM =
|ks(0)|
4pi
.
This result is in agreement (for c = 0) with the calculation (based on the techniques
of e.g. [53,55,56]) of the total tensorial central charge of the N = 1, D = 4 superalgebra
generated by the domain-wall+membrane system
{Qα, Qβ} =
∫
dxm ∧ dxn σmnαβ
[
2i(W+∞ −W−∞) + c¯
4pi
]
. (5.24)
5.1 Multiple membranes and k-walls
Let us now consider the case in which instead of the single membrane of charge k
we have k parallel membranes of charge 1 located at different points along x3. We
will show that when all these membranes preserve the same 1/2 supersymmetry, i.e.
when the phase of the field s is the same on all the membranes, the overall tension of
the domain k-wall configuration created by these branes is equal to the domain-wall
tension (5.23) sourced by the single membrane of charge k. In the same way and with
the same result one could consider the case of several membranes of different charges
kI whose sum is equal to k, but we will not do it to make the presentation simpler.
Because of the same reason, in what follows, we will also set the bare tension T0 = |c|
of the membranes to zero.
Let us assume that the k parallel static membranes of the three-form charge 1 are
situated at the points yI (I = 1, ..., k) along the transverse direction x
3. Then the
action (5.1) gets modified as follows
S =
∫
d4xLbosVY −
1
4pi
k∑
I=1
∫
d4x δ(x3 − yI)
(|s|+ C3) . (5.25)
The solution of the equations of motion of the fields Dˆ and C3 results in the following
“jumping” superpotential
Wˆ (s) = W (s)− i
8pi
(
n+
k∑
I=1
Θ(x3 − yI)
)
s , (5.26)
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and
F = Dˆ + i∂mC
m = − Wˆ s¯
Kss¯
. (5.27)
Moreover, the s-field equation of motion takes the form
2sKss¯ + ∂ms∂
msKsss¯ + FF¯Kss¯s¯ + F¯ W¯s¯s¯ =
1
8pi
k∑
I=1
δ(x3 − yI) s|s| . (5.28)
One can see that this equation is consistent with the 1/2 BPS equation (5.10) if the
values of the phases of the field s(yI) on each of the membrane are the same. Otherwise,
generically, the supersymmetry would be completely broken and no BPS domain walls
would form.
As in the previous Section, the calculation of the tension of the domain wall config-
uration sourced by the k parallel membranes and interpolating between the n-th and
(n+ k)-th vacuum gives
TDW = 2Im
(
(Wˆ∞ − Wˆ−∞)e−i(α−pi)
)
+
1
4pi
∑
i
(|s(yI)| − Re(s(yI)e−iα)) . (5.29)
Since the phases of s(yI) are equal to e
iα, the terms under the sum in (5.29) cancel
each other, and taking into account (5.23) we again get the correct tension of the BPS
k-wall. However, though the above general consideration points at a possible existence
of BPS domain walls sourced by multiple separated membranes, as we will see, these
are not realized (as regular solutions) in the case of the Veneziano-Yankielowicz model.
6 BPS domain-wall solutions in the Veneziano-
Yankielovicz effective theory
Let us now analyze solutions of the BPS equation (5.10) describing domain k-walls in
the VY theory. Remembering that the VY Ka¨hler potential K and superpotential W
have, respectively, the form (3.13) and (3.12) and Wˆ was defined in (5.5) we rewrite
the equation (5.10) in the following form
s˙ = 9iρN(ss¯)
2
3 eiα
(
ln
Λ3
|s| + i arg s−
2pii
N
(n+ kΘ(x3))
)
, α = arg(ks(0)). (6.1)
In addition we should take into account (5.12) which is the consequence of (5.10). For
the case under consideration it follows from (6.1) and takes the form
Re
[
e−iαs
(
ln
Λ3N
|s|N +N + i(2pin+ 2pikΘ(x
3)−N arg s)
)]
= C. (6.2)
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The values of the constants α = arg(ks(0)) and C are found by imposing the asymptotic
conditions describing domain wall solutions interpolating between the n-th and the
(n+ k)-th SYM vacuum, i.e. Wˆ s¯|x3=±∞ = s˙|x3=±∞ = 0 and
s−∞ = Λ3e2pii
n
N , s+∞ = Λ3e2pii
n+k
N .
We thus get
arg(ks(0)) = α = pim+
pi(2n+ k)
N
, m ∈ Z. (6.3)
and
C = NΛ3 Re ei(2pi
n
N
−α) = (−)mNΛ3 cos pik
N
. (6.4)
Let us now remember that, as follows from (5.19), the quantity 2Im(Wˆ+∞−Wˆ−∞)e−i(α−pi)
must be non-negative. This imposes the following condition on m in (6.3)
(−)m sin pik
N
≥ 0. (6.5)
So, we should take
m = 2l for 0 < k < N (6.6)
and
m = 2l + 1 for −N < k < 0, l ∈ Z. (6.7)
Substituting (6.3) and (6.4) into (6.2) we get
|s|
(
ln
Λ3
|s| + 1
)
cos
(
β − pik
N
)
− |s| sin
(
β − pik
N
) (
2pik
N
Θ(x3)− β
)
= Λ3 cos
pik
N
,
(6.8)
where β(x3) ≡ arg s − 2pinN . In view of the relation (6.3) and the conditions imposed
on m by (6.5) for 0 < |k| < N we have
β|−∞ = 0, β(0) = pik
N
+ 2pil, β|+∞ = 2pik
N
. (6.9)
We will see that for having continuous domain wall configurations the natural choice
of the value of l in β(0) is l = 0.
For |k| = N (the case in which the membrane separates the same vacuum and the
overall tension is zero) eqs. (6.2) and (6.5) do not impose any restriction on the value
of α, and C depends on α as follows
CN = NΛ
3 cos
(
2pin
N
− α
)
. (6.10)
The |k| = N case will be considered in Section 6.3.
Using eqs. (6.3), (6.6), (6.7) and (6.8) one can show that the complex equation (6.1)
reduces to the following independent real ordinary differential equation for 0 < |k| < N
k
|k|
β˙
9ρNΛ
= −
( |s|
Λ3
) 1
3
cos
(
β − pik
N
)
+
( |s|
Λ3
)− 2
3
cos
pik
N
. (6.11)
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We will now study the solutions of the equations (6.8) and (6.11) for different values
of k and N . As one can see, looking at the left hand side of (6.11), the characteristic
thickness of all the walls is of order (ρNΛ)−1 and decreases at large N . If the parameter
ρ of the Ka¨hler potential also depends on N as ∼ 1N , the width of the domain walls
will not vary with N .
6.1 pi|k|N < 1 and |k| = N3
For closely situated vacua, i.e. when pi|k|N < 1 on the each side of the membrane, the
BPS equations can be solved perturbatively by expanding them in powers of infinites-
imal pikN , β (or β − pikN ), and δ|s|Λ3 = |s|Λ3 − 1 which are of the same order. In these cases
we should naturally set l = 0 in eq. (6.9).
To be concrete, let us consider the case k > 0. Then (if we require that s(x3)
is continuous through the membrane), to the second order in β the BPS equations
simplify to
δ|s|
Λ3
= ±
(
β + 2Θ(x3)(
pik
N
− β)
)
(6.12)
and
β˙
9ρNΛ
= −δ|s|
Λ3
+
1
6
(
δ|s|
Λ3
)2
−
(
β − pik
N
)(
2pik
N
Θ(x3)− β
)
. (6.13)
The exact solution for these equations which is consistent with the boundary conditions
(6.9) exists for the choice of the lower sign in (6.12). For x3 < 0 we get
− δ|s|
Λ3
= β =
pik
N
(
1− pik
N
)((
1 +
1
6
pik
N
)
e−9ρΛN(1−
pik
N
)x3 − 7
6
pik
N
)−1
(6.14)
and for x3 ≥ 0
δ|s|
Λ3
+
2pik
N
= β =
2pik
N
− pik
N
(
1− pik
N
)((
1 +
1
6
pik
N
)
e9ρΛN(1−
pik
N
)x3 − 7
6
pik
N
)−1
.
(6.15)
Up to the second order in pikN the above solutions take the following form
β = Θ(x3)
2pik
N
− x
3
|x3|
pik
N
e−9ρΛN(1−
pik
N
)|x3|
(
1− 7
6
pik
N
(
1− e−9ρΛN(1−pikN )|x3|
))
.
The perturbative solutions are in agreement with the corresponding numerical solutions
of the full BPS equations (6.8) and (6.11). This list is enlarged with the case of |k| = N3
for which β(0) = pi|k|N =
pi
3 > 1 but is still close to unity.
16 The behaviour of the modulus
16Note that the cases with k ↔ N−k are dual to each other since the sum of the charges of the membranes
with charge k and N − k is N , i.e. equal to the periodicity of the SYM vacua. If k ≤ N3 then N − k ≥ 2N3
and the corresponding dual configurations carry large three-form charges, and are strongly coupled in this
respect. For these configurations we have not found non-trivial (continuous) solutions of the BPS equations.
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|s(x3)| and the phase β(x3) for |k| ≤ N3 are given in Figures 1 and 2, and the behaviour
of ”jumping” superpotential is given in Figure 3.17
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Figure 1: Flow of |s|Λ3 (on the left) and the phase β(x
3) (on the right) along r = 9ρΛx3 for different values
of N , with fixed k = 1. N are chosen in the interval [3, 12], with darker colors corresponding to larger N
(alternatively, one might keep N fixed and vary k). |s|Λ3 takes the vacuum value 1 at x
3 = ±∞, decreases
and has a cusp at x3 = 0 where the membrane is sitting. The flow of β, starts form β−∞ = 0 on the left,
passes through β(0) = piN on the membrane and reaches β+∞ =
2pi
N on the right. Thickness of the domain
wall solutions decreases when N increases. This can be fixed by choosing ρ = 1N in the Ka¨hler potential.
As one can see from the plot of |s|
Λ3
, it tends to reach zero for smaller N ‘geq3. As
a result the solution breaks down for N = 2, or equivalently for k = N2 . So this case
should be considered separately.
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Figure 2: Behaviour of s along x3 ∈ (−∞,+∞) in the complex plane (for k = 1 and N varying from 3 to
12). Darker colors correspond to larger N . At the point where the membrane is located, s(x3) has a cusp.
17The profiles of the found SYM BPS domain walls with k ≤ N3 are similar to those obtained in N = 1
SU(N) super-QCD with Nf ≤ N3 (where Nf is the number of flavours) in the limit m→∞ of the mass of
the flavour multiplets [57]. We thank Andrei Smilga for pointing this out to us. From this perspective the
membrane may be viewed as an artefact of integrated-out massive flavour modes.
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Figure 3: Behaviour (for k = 1 and N varying from 3 to 12) of the real and imaginary part of 16pi
2Wˆe−iα
Λ3
(α = pi(1+2n)N ) along r = 9ρΛx
3. Darker colors correspond to larger N . The ‘jump’ of Im 16pi
2Wˆe−iα
Λ3 depicted
on the right is proportional to the membrane tension (5.15) with c = 0.
6.2 |k| = N/2
Physically, the cases with k = N2 and k = −N2 describe the same domain wall system
since the difference between the two is N , which is the periodicity of the SYM vacua.
One can also say that this domain wall system is self-dual under |k| ↔ N − |k|. The
equations (6.8) and (6.11) simplify to
ln
Λ3
|s| + 1 = cotβ
(
β − k|k|piΘ(x
3)
)
(6.16)
and
β˙
9ρNΛ
= − sinβ
( |s|
Λ3
) 1
3
. (6.17)
Because of the minus sign on the left hand side of (6.17), with the allowed choices of the
β(x3) assimptotic conditions (6.9), the only solution of the above equations (excluding
x3 = 0) is the step function
β =
k
|k| piΘ(x
3), |s| = Λ3 (x3 6= 0) . (6.18)
This is, obviously, not in accord with our initial assumption (when obtaining the BPS
equations) that the field s(x3) is continuous through the membrane. This indicates that
the domain wall induced by the membrane with the large three-form charge |k| = N/2
should be regarded as a strongly coupled system, whose internal structure is not cap-
tured by the VY effective theory.
6.3 |k| = N
In this case the vacuum on the left and the right hand side of the membrane is the same
and the tension of the whole system is zero. Nevertheless, the membrane breaks half
25
of the supersymmetry. It is therefore instructive to see the behaviour of the domain
wall profile also in this case. The BPS equations reduce to
|s|
Λ3
(
ln
Λ3
|s| + 1
)
= − |s|
Λ3
tan
(
β − α+ 2pin
N
)(
β − 2pik|k| Θ(x
3)
)
+
cos(α− 2pinN )
cos(β − α+ 2pinN )
(6.19)
and
β˙
9ρNΛ
= − cos
(
β − α+ 2pin
N
)( |s|
Λ3
) 1
3
+
( |s|
Λ3
)− 2
3
cos
(
2pin
N
− α
)
. (6.20)
Though the cases k = N and k = −N are physically equivalent, technically the case
k = −N is simpler. For this case the natural choice of the phase on the membrane is
β(0) = α− 2pinN = −pi. Then the BPS equations reduce to
|s|
Λ3
(
ln
Λ3
|s| + 1
)
= − |s|
Λ3
tanβ
(
β + 2piΘ(x3)
)
+
1
cosβ
,
β˙
9ρNΛ
= cosβ
( |s|
Λ3
) 1
3
−
( |s|
Λ3
)− 2
3
.
(6.21)
The behaviour of s(x3) is shown in the Figures 4 and 5. The phase β continuously
varies through the membrane in the interval from 0 to −2pi and the modulus |s| varies
accordingly, as shown in Figure 4. On the complex plane the field s makes a closed
loop (Figure 5).
In the k = N case the phase β should vary from 0 to 2pi, so the natural choice of its
value on the membrane would be β(0) = α − 2pinN = pi. However, the equation (6.20)
is not consistent with this choice unless we make parity reversal x3 → −x3. Then β
and |s| would vary as in Figure 4, but flow from the right to the left. An alternative
solution (without the parity transform) is to take β(0) = α− 2pinN = −pi and allow for
β to jump up at x3 = 0 by the 4pi period to another Riemann sheet as shown in Figure
6. The variation of s on the foliated Riemann surface is similar to that in Figure 5.
It would be interesting to understand stability properties of this |k| = N half-BPS
domain wall system interpolating between one and the same SYM vacuum and thus
having zero tension. Note that the BPS equations do not have non-trivial solutions for
k = 0.
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Figure 4: Case k = −N . Flow of |s|Λ
3
(left plot) and β (right plot) along the direction r = 9ρΛx3 transverse
to the membrane. The solid red line denotes the field variation on the left of the membrane and the dashed
blue line on its right.
-3 -2 -1 1
-0.5
0.5
Figure 5: Case |k| = N . Variation of the field s with x3 on the complex plane, on the left (red solid
line) and on the right (blue dashed line) of the membrane. The field s starts at s−∞ = 1, reaches the value
s(0) ' −3.6 on the membrane and then flows back to its original value s+∞ = 1.
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Figure 6: Case k = N . Flow of |s|Λ3 (left) and β (right). The solid red line and the dashed blue line represent
the flows, respectively to the left and to the right of the membrane.
6.4 Multiple separated membranes do not form regular
BPS domains walls in VY theory
Suppose, as we discussed in Section 5.1, that we have k parallel membranes of charge 1
distributed somehow along x3. For the 1/2 BPS configurations, the phases of the field
s(x) on each of them should be equal. Then, as for the single membrane of charge k,
the properties of the BPS equations tell us that on each membrane the phase β should
be equal to kpi/N (modulo 2pi), and not just pi/N . This means that the flow of β from
the left of the first membrane should reach β = pikN already on this first membrane.
This is, of course impossible for k = N2 , because of the sign of the right hand side of
(6.17).
We will now show that also for |k| < N2 , regular solutions of the BPS equations (i.e.
solutions with β(x3) being a continuous function through the membranes) do not exist
for parallel membranes, unless they are all concentrated at the same point of x3. As
an example, let us consider two membranes with charge 1 each (i.e. k = 2 in total).
Then the algebraic equation (6.8) takes the form
|s|
Λ3
(
ln
Λ3
|s| + 1
)
cos
(
β − 2pi
N
)
− |s|
Λ3
sin
(
β − 2pi
N
) (
2pi
N
2∑
I=1
Θ(x3 − yI)− β
)
= cos
2pi
N
.
(6.22)
This and the differential BPS equation (6.11) should be solved with the boundary
conditions β(y1) = β(y2) =
2pi
N , where yI are the positions of the membranes.
Between the membranes x3 = [y1, y2] the above equation takes the form
|s|
Λ3
(
ln
Λ3
|s| + 1
)
cos
(
β − 2pi
N
)
+
|s|
Λ3
sin
(
β − 2pi
N
) (
β − 2pi
N
)
= cos
2pi
N
. (6.23)
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The derivative β˙ at y1 and y2 should have the following values
β˙(yI)
9ρNΛ
= −
( |s(yI)|
Λ3
) 1
3
+
( |s(yI)|
Λ3
)− 2
3
cos
2pi
N
=
( |s(yI)|
Λ3
) 1
3
ln
Λ3
|s(yI)| . (6.24)
These are determined by the behavior of β(x3) from the left of the first membrane and
from the right of the second membrane which should be in accordance with the plot in
Fig. 1 for a single membrane of charge k = 2 situated at x3 = 0.
If the smooth solution for β exists, it should have one maximum and one minimum
within [y1, y2] in which β˙ = 0. These points are determined by the following relations
which follow from (6.11) and (6.23)
|s|
Λ3
=
cos 2piN
cos(β − 2piN )
, ln
|s|
Λ3
= (β − 2pi
N
) tan(β − 2pi
N
). (6.25)
Notice that these equations admit two solutions β± = ±∆ + 2piN , where ∆ should be
determined by (6.25).
However, eq. (6.25) also tells us that ln |s|
Λ3
should be positive (at least for small ∆)
ln
|s|
Λ3
> 0→ |s|
Λ3
> 1.
Since at x3 = y1 we had
|s|
Λ3
< 1, to reach the maximum the modulus should cross the
point |s|
Λ3
= 1. The algebraic BPS equation (6.23) tells us that at this point β should
take the following value
cos
(
β − 2pi
N
)
+
(
β − 2pi
N
)
sin
(
β − 2pi
N
)
= cos
2pi
N
, (6.26)
which does not have solutions for N > 2.
The above analysis can be extended to the case of an arbitrary k ≤ N/3 with the
same conclusion.
This indicates that the continuous solutions for the multiple parallel membranes do
not exist. We can therefore conclude that to induce 1/2 BPS domain-wall configura-
tions the multiple membranes of the total charge k should form a stack of coincident
membranes, i.e. a (composite) membrane of charge k considered in the previous Sec-
tions. Or, in other words, k elementary domain walls of charge 1 should combine into
a single 1/2 BPS k-wall, as has been asserted previously in the literature.
7 Adding propagating massive glueballs and strings
to the VY Lagrangian coupled to membranes
Before concluding this paper, we would also like to briefly consider the generalization
of the VY Lagrangian in which purely gluonic bound states associated with the three-
form field C3 =
∗C1 in ∗F4 = ∂mCm = −14εmnpqFmnFpq acquire a mass and become
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propagating degrees of freedom in addition to the gluino-balls s(x) (see [20] for details).
This is achieved by adding to the VY Lagrangian the following mass term
L = LVY − 1
δ
∫
d2θd2θ¯
(U − L)2
(SS¯)
1
3
, (7.1)
where δ is a dimensionless parameter and U is the prepotential (3.7) determining the
superfield S.
In the above Lagrangian we have also introduced a Stu¨ckelberg linear superfield L,
which satisfies (3.10), to preserve the gauge invariance (3.9) of the original VY La-
grangian. Under the action of (3.9), L gets shifted by the gauge symmetry parameter L
U ′ = U + L , L′ = L+ L . (7.2)
Then one can add to the Lagrangian (7.1) the supermembrane action (4.1).
If the membrane has a boundary, the invariance of the membrane action under
(7.2) gets broken, since its C3 term is only invariant modulo a total derivative, which
in the presence of a boundary does not vanish. To restore the gauge invariance we can
assume that the boundary of the membrane ∂M3 = W2 is the worldsheet of a string.
In the case of c = 0 the kappa-symmetric action of the string has the following form18
Sstring = − 1
8pi
∫
W2
d2σ
√−γ |k(U − L)|+ k
4pi
∫
W2
B2 . (7.3)
Here σµ = (σ0, σ1) are worldsheet coordinates, γ is the determinant of the metric γµν
induced on the worldsheet
γµν = E
a
µEaν
and B2 is a two form whose field strength is
H3 =dB2 = iE
a ∧ dθα ∧ dθ¯α˙σaαα˙L
− 1
4
Eb ∧ Ea ∧ dθασab αβDβL− 1
4
Eb ∧ Ea ∧ dθ¯α˙σ¯abβ˙ α˙D¯β˙L
− 1
48
Ec ∧ Eb ∧ Eaabcd σ¯dα˙α[Dα, D¯α˙]L .
(7.4)
We see that the interaction of the superstring with the Veneziano-Yankielowicz multi-
plet has the form similar to a Fayet-Iliopoulos term for the abelian vector supermultiplet
U containing the three-form dual Cm(x).
The sum of the Wess–Zumino terms of the string and the membrane can be writ-
ten in a manifestly gauge invariant way as − k4pi
∫
M3(C3 − dB2). This produces the
18 The action (7.1) with U = 0 can be obtained as a flat superspace limit of the superstring action coupled
to N = 1 4D supergravity and a tensor multiplet considered in [58]. A similar action for a superstring
coupled to an N = 1, D = 2 + 1 supergravity via a real scalar compensator superfield L was considered
in [59].
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contribution to the κ-symmetry variation of the sum of the membrane and the string
action
− k
4pi
∫
W2
(iκC3 − iκdB2) ,
where C3 was given in (4.4). This variation is cancelled by the kappa-symmetry varia-
tion of the Nambu-Goto term of the superstring action (7.3) if the fermionic parameters
of the κ–symmetry obey the conditions
κα =
k(U − L)
|k(U − L)| Pα
βκβ , κ¯α˙ =
k(U − L)
|k(U − L)| P¯α˙
β˙κ¯β˙ (7.5)
where
Pβ
α =
1
2
√−γ 
µνEaµE
b
νσabβ
α,
P¯α˙
β˙ = (Pα
β)∗ = − 1
2
√−γ 
µνEaµE
b
ν σ¯ab
β˙
α˙, (7.6)
P 2 ≡ I.
Notice that the superstring κ–symmetry conditions (7.5) are apparently consistent
with the supermembrane projection conditions (4.9). However, the presence of the
two projection conditions will generically reduce the preserved supersymmetry by 1/4
so that the corresponding supersymemtric solution of the interacting equations would
describe 1/4 BPS states.
In the case of generic open supermembrane described by the action (4.1) with c 6= 0
the action for the superstring at its boundary is more complicated. We will describe it
in Appendix B together with a system of a supermembrane and superstring interacting
with a complex three-form supermultiplet.
The above construction of membranes ending on strings can be used to study in-
tersecting membranes and corresponding domain-wall junctions in SYM theories (see
e.g. [12] and references therein) and in D = 4 supergravities. We hope to address these
problems elsewhere.
8 Conclusion
We have considered the coupling of dynamical supermembranes to N = 1, D = 4
SU(N) super-Young-Mills and its Veneziano-Yankielowicz effective theory. The pres-
ence of the membrane spontaneously breaks half of the bulk supersymmetry. We have
shown that the membrane with a three-form charge k creates half-BPS domain walls in-
terpolating between two SYM vacua (the n-th and (n+k)-th one) and ensures that the
tension of the whole system saturates the BPS bound (5.23). We have found explicit
BPS domain wall solutions sourced by the membrane within the VY effective theory
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whose superpotential is discontinuous along the wall while the effective potential has
a cusp at which the membrane is sitting.
Results of this paper can be straightforwardly extended to N = 1, D = 4 super
QCD theories containing matter flavours in the fundamental representation of the gauge
group and can be used for studying domain walls within generalized Wess-Zumino
models, such as the Taylor-Veneziano-Yankielowicz effective Lagrangian [60]. One can
also study less supersymmetry preserving BPS configurations, as well as domain wall
junctions by introducing strings along which membranes end or intersect, as briefly
discussed in Section 7.
It would be also instructive to understand the relation of the membrane worldvol-
ume action constructed in this paper (for the membrane charge k > 1) with the 3d
worldvolume gauge theories describing domain walls in SYM [13] and SQCD [8]. As
was discussed in the main text, for the case k = 1 our supermembrane action (with the
Goldstone fields switched off) is level-rank dual to the corresponding Acharya-Vaffa
theory.
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A Main conventions
The D = 4 Levi-Civita symbol is
ε0123 = ε3210 = −ε0123 = 1 . (A.1)
εm1m2m3m4ε
n1n2n3n4 = −4!δn1[m1δ
n2
m2δ
n3
m3δ
n4
m4]
(A.2)
The 4D volume form is
d4x = dx3 ∧ dx2 ∧ dx1 ∧ dx0 (A.3)
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and
dxq ∧ dxp ∧ dxn ∧ dxm = εqpnmd4x = εmnpqd4x (A.4)
Given a p-form ωp
ωp =
1
p!
dxmp ∧ . . . ∧ dxm1ωm1...mp , (A.5)
the components of its Hodge-dual are defined as
(∗ω)m1...m4−p =
1
p!
εm1...m4−pn1...npω
n1...np (A.6)
For instance, the components of a three-form C3 are
C3 =
1
3!
dxp ∧ dxn ∧ dxmCmnp , (A.7)
and its field strength is
F4 ≡ dC3 , F4 = 1
4!
dxq ∧ dxp ∧ dxn ∧ dxmFmnpq. (A.8)
with components
Fmnpq = 4 ∂[mCnpq] . (A.9)
The Hodge-dual of F4 is
∗F4 =
1
4!
εmnpqFmnpq =
1
3!
εmnpq∂[mAnpq] , (A.10)
and
F4 =
∗F4 d4x . (A.11)
In the 3d worldvolume the Levi-Civita symbol is
ε012 = −ε210 = −ε012 = 1 , (A.12)
d3ξ = dξ0 ∧ dξ1 ∧ dξ2 (A.13)
and
dξi ∧ dξj ∧ dξk = εijkd3ξ (A.14)
For sigma-matrices we use the conventions of [30]. However, we define
σmn ≡ σ[mσ¯n] =
1
2
(σmσ¯n − σnσ¯m) . (A.15)
Finally, let us present a useful sigma-matrix identity
(σmnσpq)α
β = −iεmnpqδβα − 2ηm[pηq]nδβα + 4
(
σ[m|[pηq]|n]
)β
α
. (A.16)
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B A system of a supermembrane ending on a
superstring coupled to three-form and two-form
supermultiplets
In the case of the open membrane described by the action (4.1) with c 6= 0, to preserve
κ-symmetry we need to add to the membrane action a superstring action whose κ-
symmetry transformation compensates the boundary variation of the membrane action
− k
4pi
∫
W2
iκC3 − 1
4pi
∫
W2
(c¯iκC03 + ciκC¯03) .
The problem is that C03 is supersymmetry invariant only modulo a total derivative,
which one easily sees from (4.6). As such, the superstring action should also contain
corresponding contributions which are not manifestly supersymmetric. The action
takes the following form
Sstring = − 1
8pi
∫
W2
d2σ
√−γ|k(U − L) + c¯(θ2 − L1 − iL2) + c(θ¯2 − L1 + iL2)| −
− k
4pi
∫
M3
H3 +
c¯
4pi
∫
M3
H3 +
c
4pi
∫
M3
H¯3 .
(B.1)
In (B.1) L, L1 and L2 are real linear superfields (i.e. satisfying (3.10)), H3 = dB2 is the
3-form field strength constructed in terms of the real linear superfield L, (7.4), while H3
is a complex field strength constructed as in (7.4) but with the complex combination
L1 + iL2 instead of L
H3 = (H¯3)∗ = dB2 = H3|L7→L1+iL2 .
The sum of the action (4.1) for the open supermmebrane and (B.1) of the su-
perstring at its end is invariant under space-time supersymmetry if the real linear
superfields are transformed as follows
δL1 = θαα + θ¯α˙¯α˙ , δL2 = −iθαα + iθ¯α˙¯α˙ . (B.2)
One can observe that such a transformation does not leave invariant H3 and (H¯3)∗
in (B.1), but these are compensated by the transformations of the complex 3-form
potential C03 (4.6).
To understand such a non-manifest form of the supersymmetry invariance, one can
consider Σ0 = θ2 as a particular complex linear superfield (i.e. the superfield obeying
the constraint D¯2Σ = 0). As it was discussed briefly in the footnote 8, Σ = Σ0 can be
considered as a flat-superspace limit of the gauge fixing condition (Z = 1) for a complex
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linear prepotential of the chiral conformal compensator superfield Z = −1/4(D¯2−8R)Σ¯
(with (D2 − 8R¯)Σ¯ = 0) of a special minimal complex 3-form supergravity (in the
notation of [30]).
Smembrane +Sstring is also invariant under the local fermionic κ–symmetry (4.8) with
the parameter obeying (4.9) and (4.10) on M3 and
κα =
k(U − L) + c¯(θ2 − L1 − iL2) + c(θ¯2 − L1 + iL2)
|k(U − L) + c¯(θ2 − L1 − iL2) + c(θ¯2 − L1 + iL2)|
Pα
βκβ , (B.3)
on the worldsheet W2 = ∂M3, with Pαβ = (Pα˙β˙)∗ defined in (7.6).
B.1 String at the end of the membrane interacting with
a complex three-form supermultiplet
The action for the supermembrane has now the following form
Smem = − 1
4pi
∫
M3
d3ξ
√−h|cT | − c¯
4pi
∫
M3
C3 − c
4pi
∫
M3
C¯3 (B.4)
where
T = −1
4
D¯2Σ¯, T¯ = −1
4
D2Σ , (B.5)
are speical chiral superfields describing the complex three-form supermultiplet (see
[29, 37] and references therein), Σ is the complex linear superfield and C3 is similar to
the three-form defined in (4.4) but in which the real superfield U is replaced with Σ,
C3 = C3|U 7→Σ.
When the membrane has a boundary, to maintain the gauge invariance and the
κ-symmetry, we should extend this action with a boundary term which describes a
superstring on which the membrane is ended
Sstr = − 1
8pi
∫
W2
d2σ
√−γ|c¯(Σ− L− iL˜) + c(Σ¯− L+ iL˜)|+ c¯
4pi
∫
M3
H3 +
c
4pi
∫
M3
H¯3 .
(B.6)
Here L and L˜ are two real linear superfields, and
H3 = (H¯3)∗ = dB2 = C3|U 7→L+iL˜ ,
with C3 defined as in (4.4) but in which U is replaced with L+ iL˜.
The sum of the above actions is invariant under the κ–symmetry with the fermionic
Weyl-spinor parameter obeying the constraint
κα =
c¯(Σ− L− iL˜) + c(Σ¯− L+ iL˜)
|c¯(Σ− L− iL˜) + c(Σ¯− L+ iL˜)| Pα
βκβ . (B.7)
where Pα
β = (Pα˙
β˙)∗ was defined in (7.6).
35
References
[1] J. Wess and B. Zumino, Supergauge Invariant Extension of Quantum
Electrodynamics, Nucl. Phys. B78 (1974) 1.
[2] S. Ferrara and B. Zumino, Supergauge Invariant Yang-Mills Theories, Nucl.
Phys. B79 (1974) 413.
[3] A. Salam and J. A. Strathdee, Supersymmetry and Nonabelian Gauges, Phys.
Lett. 51B (1974) 353–355.
[4] E. Witten, Constraints on Supersymmetry Breaking, Nucl. Phys. B202 (1982)
253.
[5] G. R. Dvali and M. A. Shifman, Domain walls in strongly coupled theories, Phys.
Lett. B396 (1997) 64–69, arXiv:hep-th/9612128 [hep-th]. [Erratum: Phys.
Lett. B407 (1997) 452].
[6] P. K. Townsend, Supersymmetric extended solitons, Phys. Lett. B202 (1988)
53–57.
[7] E. R. C. Abraham and P. K. Townsend, Intersecting extended objects in
supersymmetric field theories, Nucl. Phys. B351 (1991) 313–332.
[8] V. Bashmakov, F. Benini, S. Benvenuti, and M. Bertolini, Living on the walls of
super-QCD, SciPost Phys. 6 (2019) no. 4, 044, arXiv:1812.04645 [hep-th].
[9] A. V. Smilga and A. Veselov, Complex BPS domain walls and phase transition
in mass in supersymmetric QCD, Phys. Rev. Lett. 79 (1997) 4529–4532,
arXiv:hep-th/9706217 [hep-th].
[10] A. V. Smilga and A. I. Veselov, Domain walls zoo in supersymmetric QCD,
Nucl. Phys. B515 (1998) 163–183, arXiv:hep-th/9710123 [hep-th].
[11] A. V. Smilga, BPS domain walls in supersymmetric QCD: Higher unitary
groups, Phys. Rev. D58 (1998) 065005, arXiv:hep-th/9711032 [hep-th].
[12] M. Shifman and A. Yung, Supersymmetric solitons. Cambridge Monographs on
Mathematical Physics. Cambridge University Press, 2009. http:
//www.cambridge.org/catalogue/catalogue.asp?isbn=9780521516389.
[13] B. S. Acharya and C. Vafa, On domain walls of N=1 supersymmetric Yang-Mills
in four-dimensions, arXiv:hep-th/0103011 [hep-th].
[14] G. Veneziano and S. Yankielowicz, An Effective Lagrangian for the Pure N=1
Supersymmetric Yang-Mills Theory, Phys. Lett. 113B (1982) 231.
[15] A. Kovner, M. A. Shifman, and A. V. Smilga, Domain walls in supersymmetric
Yang-Mills theories, Phys. Rev. D56 (1997) 7978–7989, arXiv:hep-th/9706089
[hep-th].
36
[16] I. I. Kogan, A. Kovner, and M. A. Shifman, More on supersymmetric domain
walls, N counting and glued potentials, Phys. Rev. D57 (1998) 5195–5213,
arXiv:hep-th/9712046 [hep-th].
[17] G. M. Shore, Constructing Effective Actions for N = 1 Supersymmetry Theories.
1. Symmetry Principles and Ward Identities, Nucl. Phys. B222 (1983) 446–472.
[18] K. A. Intriligator, R. G. Leigh, and N. Seiberg, Exact superpotentials in
four-dimensions, Phys. Rev. D50 (1994) 1092–1104, arXiv:hep-th/9403198
[hep-th].
[19] K. A. Intriligator and N. Seiberg, Lectures on supersymmetric gauge theories and
electric-magnetic duality, Nucl. Phys. Proc. Suppl. 45BC (1996) 1–28,
arXiv:hep-th/9509066 [hep-th]. [,157(1995)].
[20] G. R. Farrar, G. Gabadadze, and M. Schwetz, On the effective action of N=1
supersymmetric Yang-Mills theory, Phys. Rev. D58 (1998) 015009,
arXiv:hep-th/9711166 [hep-th].
[21] A. Kovner and M. A. Shifman, Chirally symmetric phase of supersymmetric
gluodynamics, Phys. Rev. D56 (1997) 2396–2402, arXiv:hep-th/9702174
[hep-th].
[22] P. K. Townsend, Effective description of axion defects, Phys. Lett. B309 (1993)
33–38, arXiv:hep-th/9303171 [hep-th].
[23] J. A. Dixon, M. J. Duff, and E. Sezgin, The Coupling of Yang-Mills to extended
objects, Phys. Lett. B279 (1992) 265–271, arXiv:hep-th/9201019 [hep-th].
[24] J. A. Dixon and M. J. Duff, Chern-Simons forms, Mickelsson-Faddeev algebras
and the p-branes, Phys. Lett. B296 (1992) 28–32, arXiv:hep-th/9205099
[hep-th].
[25] P.-S. Hsin and N. Seiberg, Level/rank Duality and Chern-Simons-Matter
Theories, JHEP 09 (2016) 095, arXiv:1607.07457 [hep-th].
[26] J. Gomis, Z. Komargodski, and N. Seiberg, Phases Of Adjoint QCD3 And
Dualities, SciPost Phys. 5 (2018) no. 1, 007, arXiv:1710.03258 [hep-th].
[27] V. Bashmakov, J. Gomis, Z. Komargodski, and A. Sharon, Phases of N = 1
theories in 2 + 1 dimensions, JHEP 07 (2018) 123, arXiv:1802.10130
[hep-th].
[28] C. P. Burgess, J. P. Derendinger, F. Quevedo, and M. Quiros, Gaugino
condensates and chiral linear duality: An Effective Lagrangian analysis, Phys.
Lett. B348 (1995) 428–442, arXiv:hep-th/9501065 [hep-th].
[29] I. Bandos, F. Farakos, S. Lanza, L. Martucci, and D. Sorokin, Three-forms,
dualities and membranes in four-dimensional supergravity, JHEP 07 (2018) 028,
arXiv:1803.01405 [hep-th].
37
[30] J. Wess and J. Bagger, Supersymmetry and supergravity. Princeton University
Press, Princeton, NJ, USA, 1992.
[31] I. Buchbinder and S. Kuzenko, Ideas and methods of supersymmetry and
supergravity: A Walk through superspace, 1998 .
[32] M. A. Shifman and A. I. Vainshtein, On Gluino Condensation in
Supersymmetric Gauge Theories. SU(N) and O(N) Groups, Nucl. Phys. B296
(1988) 445. [Sov. Phys. JETP66,1100(1987)].
[33] N. M. Davies, T. J. Hollowood, V. V. Khoze, and M. P. Mattis, Gluino
condensate and magnetic monopoles in supersymmetric gluodynamics, Nucl.
Phys. B559 (1999) 123–142, arXiv:hep-th/9905015 [hep-th].
[34] P. Binetruy, F. Pillon, G. Girardi, and R. Grimm, The Three form multiplet in
supergravity, Nucl. Phys. B477 (1996) 175–202, arXiv:hep-th/9603181
[hep-th].
[35] S. J. Gates, Jr., Super P-Form Gauge Superfields, Nucl. Phys. B184 (1981)
381–390.
[36] K. Groh, J. Louis, and J. Sommerfeld, Duality and Couplings of
3-Form-Multiplets in N=1 Supersymmetry, JHEP 05 (2013) 001,
arXiv:1212.4639 [hep-th].
[37] F. Farakos, S. Lanza, L. Martucci, and D. Sorokin, Three-forms in Supergravity
and Flux Compactifications, Eur. Phys. J. C77 (2017) no. 9, 602,
arXiv:1706.09422 [hep-th].
[38] F. Farakos, S. Lanza, L. Martucci, and D. Sorokin, Three-forms, Supersymmetry
and String Compactifications, Phys. Part. Nucl. 49 (2018) no. 5, 823–828,
arXiv:1712.09366 [hep-th].
[39] D. G. Cerdeno, A. Knauf, and J. Louis, A Note on effective N=1
superYang-Mills theories versus lattice results, Eur. Phys. J. C31 (2003)
415–420, arXiv:hep-th/0307198 [hep-th].
[40] I. A. Bandos and C. Meliveo, Superfield equations for the interacting system of
D=4 N=1 supermembrane and scalar multiplet, Nucl. Phys. B849 (2011) 1–27,
arXiv:1011.1818 [hep-th].
[41] B. A. Ovrut and D. Waldram, Membranes and three form supergravity, Nucl.
Phys. B506 (1997) 236–266, arXiv:hep-th/9704045 [hep-th].
[42] M. Huebscher, P. Meessen, and T. Ortin, Domain walls and instantons in N=1,
d=4 supergravity, JHEP 06 (2010) 001, arXiv:0912.3672 [hep-th].
[43] I. A. Bandos and C. Meliveo, Three form potential in (special) minimal
supergravity superspace and supermembrane supercurrent, J. Phys. Conf. Ser.
343 (2012) 012012, arXiv:1107.3232 [hep-th].
38
[44] I. A. Bandos and C. Meliveo, Supermembrane interaction with dynamical D=4
N=1 supergravity. Superfield Lagrangian description and spacetime equations of
motion, JHEP 08 (2012) 140, arXiv:1205.5885 [hep-th].
[45] S. M. Kuzenko and G. Tartaglino-Mazzucchelli, Complex three-form supergravity
and membranes, JHEP 12 (2017) 005, arXiv:1710.00535 [hep-th].
[46] I. Bandos, F. Farakos, S. Lanza, L. Martucci, and D. Sorokin, Higher Forms and
Membranes in 4D Supergravities, in Durham Symposium, Higher Structures in
M-Theory Durham, UK, August 12-18, 2018. 2019. arXiv:1903.02841
[hep-th].
[47] I. Bandos, F. Farakos, S. Lanza, L. Martucci, and D. Sorokin, Variant 4D
supergravities and membranes, J. Phys. Conf. Ser. 1194 (2019) no. 1, 012012.
[48] E. Bergshoeff, R. Kallosh, T. Ortin, and G. Papadopoulos, Kappa-symmetry,
supersymmetry and intersecting branes, Nucl. Phys. B502 (1997) 149–169,
arXiv:hep-th/9705040.
[49] I. A. Bandos, J. A. De Azcarraga, and J. M. Izquierdo, Supergravity interacting
with bosonic p-branes and local supersymmetry, Phys. Rev. D65 (2002) 105010,
arXiv:hep-th/0112207 [hep-th].
[50] I. A. Bandos, J. A. de Azcarraga, J. M. Izquierdo, and J. Lukierski, On
dynamical supergravity interacting with super p-brane sources, in 3rd
International Sakharov Conference on Physics Moscow, Russia, June 24-29,
2002. 2002. arXiv:hep-th/0211065 [hep-th].
[51] E. Bergshoeff, E. Sezgin, and P. K. Townsend, Supermembranes and
Eleven-Dimensional Supergravity, Phys. Lett. B189 (1987) 75–78.
[52] A. Achucarro, J. P. Gauntlett, K. Itoh, and P. K. Townsend, World Volume
Supersymmetry From Space-time Supersymmetry of the Four-dimensional
Supermembrane, Nucl. Phys. B314 (1989) 129–157.
[53] J. A. de Azcarraga, J. P. Gauntlett, J. M. Izquierdo, and P. K. Townsend,
Topological Extensions of the Supersymmetry Algebra for Extended Objects,
Phys. Rev. Lett. 63 (1989) 2443.
[54] D. P. Sorokin and P. K. Townsend, M Theory superalgebra from the M
five-brane, Phys.Lett. B412 (1997) 265–273, arXiv:hep-th/9708003 [hep-th].
[55] M. Cvetic and S. Griffies, Domain walls in N=1 supergravity, in International
Symposium on Black holes, Membranes, Wormholes and Superstrings
Woodlands, Texas, January 16-18, 1992, pp. 203–219. 1992.
arXiv:hep-th/9209117 [hep-th].
[56] M. Cvetic, S. Griffies, and S.-J. Rey, Nonperturbative stability of supergravity and
superstring vacua, Nucl. Phys. B389 (1993) 3–24, arXiv:hep-th/9206004
[hep-th].
39
[57] A. V. Smilga, Tenacious domain walls in supersymmetric QCD, Phys. Rev. D64
(2001) 125008, arXiv:hep-th/0104195 [hep-th].
[58] I. A. Bandos and J. M. Isidro, D = 4 supergravity dynamically coupled to
superstring in a superfield Lagrangian approach, Phys. Rev. D69 (2004) 085009,
arXiv:hep-th/0308102 [hep-th].
[59] E. I. Buchbinder, J. Hutomo, S. M. Kuzenko, and G. Tartaglino-Mazzucchelli,
Two-form supergravity, superstring couplings, and Goldstino superfields in three
dimensions, arXiv:1710.00554 [hep-th].
[60] T. R. Taylor, G. Veneziano, and S. Yankielowicz, Supersymmetric QCD and Its
Massless Limit: An Effective Lagrangian Analysis, Nucl. Phys. B218 (1983)
493–513.
40
